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a b s t r a c t
Let (R,m) be a d-dimensional Noetherian local ring. In this work we prove that the mixed
Buchsbaum–Rim multiplicity for a finite family of R-submodules of Rp of finite colength
coincides with the Buchsbaum–Rim multiplicity of the module generated by a suitable
superficial sequence, that is, we generalize for modules the well-known Risler–Teissier
theorem. As a consequence, we give a new proof of a generalization for modules of the
fundamental Rees’ mixed multiplicity theorem, which was first proved by Kirby and Rees
in (1994, [8]). We use the above result to give an upper bound for the minimal number
of generators of a finite colength R-submodule of Rp in terms of mixed multiplicities for
modules, which generalize a similar bound obtained by Cruz and Verma in (2000, [5]) for
m-primary ideals.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Mixed multiplicities of finitely many zero-dimensional ideals were first defined by Risler and Teissier in [14] and they
proved that they could be described as the usual Hilbert–Samuel multiplicity of the ideal generated by an appropriated
superficial sequence. This result of Risler and Teissier was later generalized by Rees in [12] who first introduced the notion
of joint reduction for a family of ideals and proved that the mixed multiplicities of a family of zero-dimensional ideals could
be described as the Hilbert–Samuel multiplicity of the ideal generated by a suitable joint reduction. This theorem of Rees is
knownas Rees’mixedmultiplicity theoremand it is a crucial result in the theory ofmixedmultiplicities for zero-dimensional
ideals. We refer the reader to [15] for a survey on mixed multiplicities of ideals.
The notion of mixedmultiplicities for a family E1, . . . , Ek of R-submodules of Rp of finite colength has been described in a
purely algebraic form by Kirby and Rees in [8] and in an algebro-geometric form by Kleiman and Thorup in [10] and [11]. To
state ourmain resultsweneed to recall the notion ofmixedmultiplicity ofmodules. Let (R,m)be a d-dimensionalNoetherian
local ring and E1, . . . , Ek a family of R-submodules of Rp of finite colength. Let G = Sym(Rp) = ⊕nSn andR(Ei) = ⊕nRn(Ei)
be the symmetric and Rees algebra of Rp and Ei respectively. Consider the function
h(n1, . . . , nk) := `
(
Sn1+···+nk
Rn1(E1) · · · Rnk(Ek)
)
.
This function is given by a polynomial of total degree d + p − 1 in k variables n1, . . . , nk for all large values of n1, . . . , nk.
Write the homogeneous part of this polynomial as∑
d1+···+dk=d+p−1
1
d1! · · · dk! e(E
[d1]
1 , . . . , E
[dk]
k )n
d1
1 · · · ndkk .
∗ Corresponding author.
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The coefficient e(E[d1]1 , . . . , E
[dk]
k ) are called themixed Buchsbaum–Rimmultiplicity of E1, . . . , Ek. This definition generalizes
the notion of mixed multiplicities of m-primary ideals.
One of the main result of this work is a generalization for modules of the Risler–Teissier theorem which says that the
mixed Buchsbaum–Rim multiplicities of a family of R-submodules of Rp of finite colength could be computed as the usual
Buchsbaum–Rim multiplicity of the module generated by a suitable superficial sequence. As a consequence, we give a new
proof of a generalization for modules of the fundamental Rees’ mixedmultiplicity theorem, which was first proved by Kirby
and Rees in [8] using the Koszul complex associated to a joint reduction. Precisely we prove the following results:
Theorem 1.1 (The Risler–Teissier Theorem for Modules). Let E1, . . . , Ek be submodules of Rp of finite colength, and d1, . . . , dk ∈
N with d1 + · · · + dk = d+ p− 1. Let h1, . . . , hd+p−1 be any superficial sequence for E1, . . . , E1, . . . , Ek, . . . , Ek, with each Ei
listed di times. Then,
e(E[d1]1 , . . . , E
[dk]
k ) = eBR(h1, . . . , hd+p−1),
where eBR(h1, . . . , hd+p−1) denotes the Buchsbaum–Rim multiplicity of the R-submodule of Rp generated by h1, . . . , hd+p−1.
Theorem 1.2 (Rees’ Mixed Multiplicity Theorem for Modules). Let E1, . . . , Ek be submodules of Rp of finite colength, and
d1, . . . , dk ∈ N with d1 + · · · + dk = d + p − 1. Let h1, . . . , hd+p−1 be any joint reduction for E1, . . . , E1, . . . , Ek, . . . , Ek,
with each Ei listed di times. Then,
e(E[d1]1 , . . . , E
[dk]
k ) = eBR(h1, . . . , hd+p−1),
where eBR(h1, . . . , hd+p−1) denotes the Buchsbaum–Rim multiplicity of the R-submodule of Rp generated by h1, . . . , hd+p−1.
For a precise statement of the above theorems we refer to Theorems 6.1 and 6.2 respectively.
We use Rees’ mixed multiplicity theorem for modules to give an upper bound for the minimal number of generators of a
finite colength R-submodule of Rp in terms ofmixedmultiplicities formodules, which generalizes a similar important bound
obtained by Cruz and Verma in [5] for m-primary ideals. Precisely we prove the following
Theorem 1.3. Let (R,m) be a Cohen–Macaulay local rings of dimension d. Let E be a R-submodule of Rp of finite colength. Then
for q = 0, . . . , d+ p− 1,
µ(E) ≤ d+ p− 1− q+ q`(R/(E : Rp))− `(Rp/E)+ ed+p−1−q(⊕pm, E). (1.1)
As a consequence of the above theoremwe obtain the following generalizations for modules of some results obtained by
Akizuki in [2], Cohen in [4] and Abhyankar in [1] for m-primary ideals.
Corollary 1.4. Let (R,m) be a Cohen–Macaulay local rings of dimension 1. Let E be a R-submodule of Rp of finite colength. Then
µ(E) ≤ p e(m)+ `
(
E
⊕p(E :R Rp)
)
.
Corollary 1.5. Let (R,m) be a Cohen–Macaulay local rings of dimension d. Let E be a R-submodule of Rp of finite colength. Then
µ(E) ≤ d+ p− 1− ` (Rp/E)+ eBR(E).
Corollary 1.6. Let (R,m) be a Cohen–Macaulay local rings of dimension d. Let E be a R-submodule of Rp of finite colength. Then
µ(E) ≤ d− 1+ ed−1(⊕pm, E)+ `
(
E
⊕p(E :R Rp)
)
.
2. Buchsbaum–Rimmultiplicities
Setup: Fix (R,m) an arbitrary Noetherian local ring; fix two graded R-algebras G′ = ⊕G′n and G = ⊕Gn, with G′ ⊆ G,
that, as usual, are generated as algebras by finitely many elements of degree one such that `(G1/G′1) < ∞; and fix M a
finitely generated graded G-module. Let r := dim(Proj(G)) be the dimension of Proj(G). As a function of n, q, the length,
h(n, q) := `(Mn+q/G′nMq)
is eventually a polynomial in n, q, denoted by PG′,G,M(n, q), of total degree equal to dim(Supp(M)),which is at most r, (see
[10, Theorem 5.7]) and the coefficient of nr−jqj/(r− j)!j! is denoted by ej(G′,G,M), for all j = 0, . . . , r, and it is called the jth
Associated Buchsbaum–Rimmultiplicity of the pair (G′,G)with respect toM.Notice that ej(G′,G,M) = 0 if dim(Supp(M)) < r.
The number e0(G′,G,M)will be called the Buchsbaum–Rim multiplicity of the pair (G′,G) with respect to M, and will also be
denoted by eBR(G′,G,M). The notion of Buchsbaum–Rim multiplicity for modules goes back to [3] and it was carried out in
the above generality in [7,8,10,9,11,13].
Remark 2.1. If I is a finitely generated R-submodule of G1 such that `(G1/I) <∞ then, setting G′ = R[I], the R-subalgebra
of G generated in degree one by I, we denote ej(G′,G,M) (resp. eBR(G′,G,M)) by ej(I,M) (resp. eBR(I,M)), which is called
the jth Associated Buchsbaum–Rim multiplicity (resp. Buchsbaum–Rim multiplicity ) of the pair (I,G) with respect to M.
In the remaining part of this work, we also use the notation I for the ideal in G generated by I.
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Definition 2.2. Let I be a finitely generated R-submodule of G1.We say that x ∈ I is a superficial element for I with respect
toM if there exists c ∈ N such that for all n ≥ c and all q ∈ N
(In+1Mq :Mn+q x) ∩ IcMn+q−c = InMq.
Remark 2.3. Notice that x ∈ I is a superficial element of I with respect toM in the above sense if and only if it is a superficial
element of I with respect toM in the usual sense.
Lemma 2.4. Let I be a finitely generated R-submodule of G1. Suppose that x ∈ I is a superficial element of I with respect to M or
that x is a non-zero divisor on M. Assume that ∩nInM = 0. Then there exists e ∈ N such that for all n ≥ e and q ≥ 0,
(In+1Mq :Mn+q x) ⊆ (0 :Mn+q x)+ In−eMe+q and (0 :Mn+q x) ∩ IeMn−e+q = 0.
If x ∈ I is a superficial element of I with respect to M, then for all sufficiently large n, (In+1Mq :Mn+q x) = (0 :Mn+q x)+ InMq.
Proof. By [6, Lemma 8.5.5] and Remark 2.3 there exist e ∈ N such that for all n ≥ e,we have that
(In+1M :M x) ⊆ (0 :M x)+ In−eM and (0 :M x) ∩ IeM = 0
and if x ∈ I is a superficial element of I with respect toM, then for all sufficiently large n, (In+1M :M x) = (0 :M x)+ InM.
Hence the result follows by concentrating in degree n+ q in the above equalities. 
Lemma 2.5. Let I be a finitely generated R-submodule of G1 with `(G1/I) < ∞, x ∈ I, and dim(Supp(M)) = r. Set M˜ :=
M/xM, G˜ := G/xG or G˜ := G/Ann(M˜) and I˜ := IG˜. Then the following hold.
1. If dim(Supp(M˜)) = r−1, then ej(I˜, M˜) ≥ ej(I,M) for all j = 0, . . . , r−1, and for n, q 0, `
(
In+1Mq:Mn x
InMq
)
is a polynomial
in n, q of degree at most r − 1 with rational coefficients.
2. If dim(Proj(G˜)) = r − 1, then ej(I˜, M˜) ≥ ej(I,M) for all j = 0, . . . , r − 1, and equality holds if and only if `
(
In+1Mq:Mn x
InMq
)
is
a polynomial of degree at most r − 2 for all large n, q.
Proof. It is enough to consider the following exact sequence of R-modules
0→ I
n+1Mq :Mn+q x
InMq
→ Mn+q
InMq
→ Mn+1+q
In+1Mq
→ Mn+1+q
xMn+q + In+1Mq → 0. (2.1)
The rest of the proof follows by standard Hilbert function arguments. 
Proposition 2.6. In the situation of Lemma 2.5 suppose that x ∈ I is superficial with respect to M and not contained in any
minimal prime ideal of Ann(M). Then, for large n, q and all j = 0, . . . , r − 1,
ej(I,M) =
{
ej(I˜, M˜) if r > 1
`(M˜n+q)− `(0 :Mn+q x) if r = 1 .
Proof. By the exact sequence (2.1) we have that
`
(
Mn+1+q
In+1Mq
)
− `
(
Mn+q
InMq
)
= `
(
Mn+1+q
xMn+q + In+1Mq
)
− `
(
In+1Mq :Mn+q x
InMq
)
.
Now, by Lemma 2.4, for large n, say n ≥ c,
(In+1Mq :Mn+q x) = (0 :Mn+q x)+ InMq and (0 :Mn+q x) ∩ IeMn−e+q = 0,
so that
(In+1Mq :Mn+q x)
InMq
∼= (0 :Mn+q x).
Hence if r = 1 eBR(I,M) = `(M˜n+q)− `(0 :Mn+q x).
Suppose now that r > 1 and consider the following exact sequences
0→ I
n+1Mq−1
xInMq−1
→ I
nMq
xInMq−1
→ I
nMq
In+1Mq−1
→ 0 (2.2)
and
0→ x(I
n+1Mq−1:In−1Mq x)
xInMq−1 →
In+1Mq−1
xInMq−1 →
InMq
xIn−1Mq →
InMq
xIn−1Mq+In+1Mq−1 → 0. (2.3)
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Consider now the natural map
φ : (I
n+1Mq−1 :In−1Mq x)
InMq−1
→ x(I
n+1Mq−1 :In−1Mq x)
xInMq−1
.
In this case φ is an isomorphism. To see this, it is sufficient to prove that ker(φ) = 0. But
ker(φ) = (I
n+1Mq−1 :In−1Mq x) ∩ (xInMq−1 :In−1Mq x)
InMq−1
= (xI
nMq−1 :Mn+q−1 x) ∩ In−1Mq
InMq−1
⊆ (I
n+1Mq−1 :Mn+q−1 x) ∩ In−1Mq
InMq−1
= 0.
The last equality follows by Lemma 2.4 and the assumption that x ∈ I is a superficial element. Similarly one can prove that
In−1Mq
InMq−1
∼= xIn−1MqxInMq−1 . Then we have
0→ I
n−1Mq
InMq−1
→ I
nMq
xInMq−1
→ I
nMq
xIn−1Mq
→ 0. (2.4)
Therefore from the exact sequences (2.2)–(2.4) we have that
`
(
InMq
xIn−1Mq + In+1Mq−1
)
= `
(
InMq
In+1Mq−1
)
− `
(
In−1Mq
InMq−1
)
.
Hence the result follows. 
The following easy proposition shows that the associated Buchsbaum–Rim multiplicities are additive in short exact
sequence. For a different proof see [8, Theorem 4.5(i)].
Proposition 2.7 (Additivity). If 0 −→ M ′ −→ M −→ M ′′ −→ 0 is an exact sequence of finitely generated graded G-modules.
Then, for all j = 0, . . . , r,
ej(I,M) = ej(I,M ′)+ ej(I,M ′′).
Proof. The above exact sequence induces the exact sequence of R-modules
0 −→ M
′
n+q
M ′n+q ∩ InMq
−→ Mn+q
InMq
−→ M
′′
n+q
InM ′′q
−→ 0.
Hence
`
(
Mn+q
InMq
)
= `
(
M ′′n+q
InM ′′q
)
+ `
( M ′n+q
M ′n+q ∩ InMq
)
.
On the other hand, by the Artin–Rees lemma, there is a c > 0 such that
InM ′q ⊆ M ′n+q ∩ InMq ⊆ In−cM ′q+c .
Thus,
hM ′(n, q) ≥ `
( M ′n+q
M ′n+q ∩ InMq
)
≥ hM ′(n− c, q+ c).
Therefore the result follows. 
A standard application of the additivity formula is the following so-called associativity formula. For a different proof see
[8, Theorem 4.5(v)].
Corollary 2.8 (Associativity). For all j = 0, . . . , r,
ej(I,M) =
∑
p
ej(IG/p,G/p) `(Mp),
where the sum is taken over all prime ideals p of G such that dim(Proj(G/p)) = r.
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Proof. We write σ := ∑p `(Mp) where the sum is taken over all prime ideals p such that dim(Proj(G/p)) = r, and
proceed by induction on σ . If σ = 0 then M = 0 and so the formula is obvious. If σ > 0, choose a prime ideal p0
with dim(Proj(G/p0)) = r and `(Mp0) > 0; then p0 ∈ Supp(M). Thus M contains a submodule N isomorphic to G/p0.
If dim(Supp(M/N)) < r then σ = `(Mp0) = 1 and by Proposition 2.7 ej(I,M) = ej(I,N). If dim(Supp(M/N)) = r then
σ(M/N) < σ(M) = σ and so by induction hypothesis
ej(I,M/N) =
∑
p
ej(IG/p,G/p) `((M/N)p).
Now `(Mp) = `((M/N)p) for p 6= p0 and `(Mp0) = `((M/N)p0) + 1. Since by Proposition 2.7 ej(I,M) = ej(I,M/N) +
ej(I,G/p0), the assertion follows. 
3. Superficial sequence and joint reductions
Wepresent here the definitions and existence for superficial elements and joint reductions for finitelymany submodules
of G1. We use the following multi-index notation through the remaining part of this work. The norm of a multi-index
n = (n1, . . . , nk) is |n| = n1+· · ·+nk andn! = n1! · · · nk!. Ifn, d are twomulti-index thennd = nd11 · · · ndkk . If I = (I1, . . . , Ik)
is a k-tuple of R-submodules of G1 then In := In11 · · · Inkk . Analogous notation for the ideals of G, I = (I1, . . . , Ik).We also
use the following notation, δ(i) = (δ(i, 1), . . . , δ(i, k)),where δ(i, j) = 1 if i = j and 0 otherwise.
Definition 3.1. Let I1, . . . , Ik be finitely generated R-submodules of G1. We say that x ∈ I1 is a superficial element for
I1, . . . , Ik with respect toM if there exist c ∈ N such that for all n1 > c, and all n2, . . . , nk, q ≥ 0,
(InMq :M|n|−1+q x) ∩ Ic1 In22 · · · Inkk Mn1−1−c+q = In−δ(1)Mq.
A sequence of elements x1, . . . , xk, with xi ∈ Ii, is a superficial sequence for I1, . . . , Ik with respect to M if for all
i = 1, . . . , k, xi ∈ Ii is a superficial element with respect toM/(x1, . . . , xi−1)M for the image of Ii, . . . , Ik in G/(x1, . . . , xi−1).
Remark 3.2. Notice that x ∈ I1 is a superficial element for I1, . . . , Ik with respect toM in the above sense if and only if it is
a superficial element for I1, . . . , Ik with respect toM (in the sense of [6, Definition 17.2.1]).
Proposition 3.3. If (R,m) has infinite residue field, then superficial sequence for I1, . . . , Ik with respect to M exist, where
I1, . . . , Ik are finitely generated R-submodules of G1. Explicitly, there exist a non-empty Zariski-open subset U of I1/mI1 such
that for any x ∈ I1 with image in U, x is a superficial element for I1, . . . , Ik with respect to M. Also, if I1 is not contained in the
prime ideals p1, . . . , ps of G, x can be chosen to avoid the same prime ideals.
Proof. By [14, Proposition 2.1] (see also [6, Proposition 17.2.2]) there exist a non-empty Zariski-open subset U of I1/mI1
such that for any x ∈ I1 with image in U, x is a superficial element for I1, . . . , Ik with respect to M. Such open set could
always be chosen consisting of elements of degree one of I1. Also x can be chosen to avoid the prime ideals p1, . . . , ps of G.
Hence the result follows by Remark 3.2. 
Definition 3.4. Let I1, . . . , Ik be finitely generated R-submodules of G1. A sequence of elements x1, . . . , xk with xi ∈ Ii is a
joint reduction for I1, . . . , Ik with respect toM if there exist n ∈ N such that for all q ≥ 0[
k∑
i=1
xiI1 · · · Ii−1Ii+1 · · · Ik
]
(I1 · · · Ik)n−1Mq = (I1 · · · Ik)nMq.
Remark 3.5. Notice that x1, . . . , xk with xi ∈ Ii is a joint reduction for I1, . . . , Ik with respect toM in the above sense if and
only if it is a joint reduction for I1, . . . , Ik with respect toM in the sense of [12] (see also [6, Definition 17.1.1]).
Lemma 3.6. Let I1, . . . , Ik be finitely generated R-submodules of G1. Suppose that x ∈ I1 is a superficial element for I1, . . . , Ik
with respect to M. Assume that ∩nIn1M = 0 and that I1 ⊆
√
I2 · · · Ik. Then for all sufficiently large n1, . . . , nk, and all q ≥ 0
(InMq :M|n|−1+q x) = (0 :M|n|−1+q x)+ In−δ(1)Mq
and
(0 :M|n|−1+q x) ∩ In−δ(1)Mq = 0.
Proof. By [6, Lemma 17.2.4] for all sufficiently large n1, . . . , nk,
(InM :M x) = (0 :M x)+ In−δ(1)M
and
(0 :M x) ∩ In−δ(1)M = 0.
Hence the result follows by Remark 3.5 and by concentrating in degree |n| − 1+ q in the above equalities. 
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Proposition 3.7 (Existence of Joint Reductions). Assume that the residue field R/m is infinite. Let I1, . . . , Ir be finitely generated
R-submodules of G1. Assume that for all i, Ii ⊆ √Ii+1 · · · Ir . Then there exist a joint reduction x1, . . . , xr of I1, . . . , Ir with
respect to G.
Proof. By the argument given at the beginning of the proof of [6, Theorem 17.3.1] we reduce the proof to the case in which
all the ideals I1, . . . , Ir are not contained in any associated prime ideal of G. Let x1 ∈ I1 be superficial for I1, . . . , Ir and not
contained in any associated prime ideal of G. Such an element x1 exist by Proposition 3.3. Since dim(Proj(G/x1G)) = r − 1,
by induction there exist elements xi ∈ Ii, i ≥ 2, such that the image of x2, . . . , xr in G/x1G is a joint reduction of I2, . . . , Ir
with respect to G/x1G. Thus there exist n ∈ N such that (I2 · · · Ir)n is contained in
[∑r
i=2 xiI2 · · · Ii−1Ii+1 · · · Ir
]
(I2 · · · Ir)n−1+
x1G(r−1)n−1.Multiplication by In1 gives
(I1 · · · Ir)n ⊆
[
r∑
i=2
xiI1 · · · Ii−1Ii+1 · · · Ir
]
(I1 · · · Ir)n−1 + (x1Grn−1) ∩ (I1 · · · Ir)n.
As x1 is superficial for I1, . . . , Ir , by Lemma 3.6, for sufficiently large n,we get that
(I1 · · · Ir)n ⊆
[
r∑
i=1
xiI1 · · · Ii−1Ii+1 · · · Ir
]
(I1 · · · Ir)n−1
⊆ (I1 · · · Ir)n.
This proves the proposition. 
Remark 3.8. If I1, . . . , Ir , are submodules of G1 of finite colength then for all i = 1, . . . , r, the condition Ii ⊆ √Ii+1 · · · Ir
easily holds. Hence, for this kind of submodules joint reduction always exist.
Proposition 3.9. For i = 1, . . . , r, let Ii = (ai1, . . . , aili) be submodules of G1 and let xi ∈ Ii.Write xi =
∑li
j=1 uijaij for some
uij ∈ R. Set l = ∑i li. Then there exists a (possibly empty) Zariski-open set U ⊆ kl such that x1, . . . , xr is a joint reduction of
I1, . . . , Ir if and only if the image of (u11, . . . , u1l1 , . . . , ur1, . . . , urlr ) in k
l lies in U .
Proof. The proof is analogous to the one given in [6, Proposition 17.3.2]. 
4. Mixed multiplicities
Let I1, . . . , Ik, be submodules of G1 of finite colength. Then, as a function of n1, . . . , nk, q, the length,
hM(n1, . . . , nk, q) := `(M|n|+q/I|n|Mq)
is, for sufficiently large n1, . . . , nk, q, a polynomial of total degree at most r,whose leading term could be written as∑
j+|d|=r
1
j!d!e
j(I [d1]1 , . . . , I
[dk]
k ;M)ndqj.
The coefficients ej(I [d1]1 , . . . , I
[dk]
k ;M) are called the jth associated mixed Buchsbaum–Rim multiplicity of I1, . . . , Ik with
respect toM. This definition agrees with the one given in [8] and [11, p. 568]. The terms e0(I [d1]1 , . . . , I
[dk]
k ;M),with |d| = r,
are called themixed Buchsbaum–Rimmultiplicity of I1, . . . , Ikwith respect toM of type (d1, . . . , dk), and are also denoted
by eBR(I
[d1]
1 , . . . , I
[dk]
k ;M),When k = r and d1 = · · · = dk = 1 we denote eBR(I [d1]1 , . . . , I [dk]k ;M) by e(I1, . . . , Ir;M).
Lemma 4.1. Let I1, . . . , Ik, be submodules of G1, and M,N ⊆ T finitely generated graded G-modules. Then there exist integers
c1, . . . , ck such that for all ni ≥ ci, i = 1, . . . , k, and all q ≥ 0,
InMq ∩ N|n|+q = I|n−c|(I|c|Mq ∩ N|c|+q).
Proof. By [6, Theorem 17.1.6] there exist integers c1, . . . , ck such that for all ni ≥ ci, i = 1, . . . , k,
InM ∩ N = I|n−c|(I|c|M ∩ N).
Hence, the result follows by taking degree |n| + q in the above equality. 
The following proposition shows that the associated mixed Buchsbaum–Rim multiplicities are additive in short exact
sequences. For another proof see [8, Theorem 4.5].
Proposition 4.2 (Additivity). If 0 −→ M ′ −→ M −→ M ′′ −→ 0 is an exact sequence of finitely generated graded G-modules.
Then, for all j+ |d| = r
ej(I [d1]1 , . . . , I
[dk]
k ;M) = ej(I [d1]1 , . . . , I [dk]k ;M ′)+ ej(I [d1]1 , . . . , I [dk]k ;M ′′).
Proof. It is analogous to the proof of Proposition 2.7. 
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Lemma 4.3. Suppose that dim(Supp(M)) = dim(Proj(G)) = r > 1, and (x1, . . . , xr) and (I1, . . . , Ir) submodules of G1
of finite colength, where xi ∈ Ii for each i. Set M˜ = M/x1M, and for any l ∈ N, set Nl = ⊕n≥0 I l1Mn+x1Mn+l−1x1Mn+l−1 . Then
dim(Supp(Nl)) = dim(Supp(M˜)). Set G˜ = G/x1Gor G˜ = G/AnnGM˜, and assume thatdim(Proj(G˜)) = r−1 = dim(Supp(M˜)).
Then
e(I2G˜, . . . , Ir G˜; M˜) = e(I2G˜, . . . , Ir G˜;Nl)
and
eBR((x2, . . . , xr)G˜; M˜) = eBR((x2, . . . , xr)G˜;Nl).
Proof. SetMl =⊕n≥0 Mn+lI l1Mn+x1Mn+l−1 and M˜l =⊕n≥0 Mn+lx1Mn+l−1 . From the short exact sequence
0→ Nl → M˜l → Ml → 0,
since I1 is a submodules of G1 of finite colength, we have that
dim(Supp(Ml)) < dim(Supp(M˜l)) = dim(Supp(M˜)).
Hence dim(Supp(M˜)) = dim(Supp(Nl)). The result follows now by Propositions 2.7 and 4.2. 
5. Main results
In this section we state and prove the main results of this work regarding mixed multiplicities of finitely many
submodules of G1 of finite colength, which are generalizations of the Risler and Teissier theorem (see [14, Proposition 2.1])
and Rees’ mixed multiplicity theorem (see [12]).
Lemma 5.1. Let I1, . . . , Ik, be submodules of G1 of finite colength and j+ |d| = r. Assume that M is generated in degree zero,
that is, Mn = GnM0 for all n ≥ 0. Then, for all 0 ≤ s ≤ j we have that
ej(I [d1]1 , . . . , I
[dk]
k ;M) = es(G[j−s]1 , I [d1]1 , . . . , I [dk]k ;M).
Proof. We know that for n1, . . . , nk, u, q, p 0
`
(
M|n|+u
InMu
)
=
∑
j+|d|=r
ej(I [d1]1 , . . . , I
[dk]
k ;M)
j!d! n
duj + · · ·
and
`
(
M|n|+p+q
InGp1Mq
)
=
∑
s+t+|d|=r
es(G[t]1 , I
[d1]
1 , . . . , I
[dk]
k ;M)
s!t!d! n
dptqs + · · · .
Since Gp1Mq = Mp+q, the result follows by making u = p+ q in the first equality. 
Theorem 5.2 (The Risler–Teissier Mixed Multiplicity Theorem). Suppose that dim(Supp(M)) = dim(Proj(G)) = r, and
I1, . . . , Ik submodules of G1 of finite colength. Let x ∈ I1 be superficial for I1, . . . , Ik with respect to M and not contained in
any minimal prime of AnnG(M). Set G˜ = G/x1G or G˜ = G/AnnGM˜. Then for any integers j, d1, . . . , dk ∈ N with j+ |d| = r and
d1 > 0, and for large n1, . . . , nk, q
ej(I [d1]1 , . . . , I
[dk]
k ;M) =
{
ej(I [d1−1]1 G˜, . . . , I
[dk]
k G˜; M˜) if r > 1
`(M˜|n|+q)− `(0 :M|n|−1+q x) if r = 1.
Proof. From the exact sequence
0→ I
nMq :M|n|−1+q x
In−δ(1)Mq
→ M|n|−1+q
In−δ(1)Mq
→ M|n|+q
InMq
→ M|n|+q
xM|n|−1+q + InMq → 0
we have, for large n1, . . . , nk,
`
(
M|n|+q
InMq
)
− `
(
M|n|−1+q
In−δ(1)Mq
)
= `
(
M|n|+q
xM|n|−1+q + InMq
)
− `
( InMq :M|n|−1+q x
In−δ(1)Mq
)
.
By Lemma 3.6, for large n1, . . . , nk, say n1 ≥ c1, . . . , nk ≥ ck, and all q ≥ 0,
(InMq :M|n|−1+q x)
In−δ(1)Mq
∼= (0 :M|n|−1+q x).
Hence if r = 1 eBR(I,M) = `(M˜|n|+q)− `(0 :M|n|−1+q x).
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Suppose now that r > 1 and consider the following exact sequences
0→ I
n+δ(1)Mq−1
xInMq−1
→ I
nMq
xInMq−1
→ I
nMq
In+δ(1)Mq−1
→ 0 (5.1)
and
0→ x(I
n+δ(1)Mq−1 :In−δ(1)Mq x)
xInMq−1
→ I
n+δ(1)Mq−1
xInMq−1
→ I
nMq
xIn−δ(1)Mq
→ I
nMq
xIn−δ(1)Mq + In+δ(1)Mq−1 → 0. (5.2)
Consider now the natural map
φ : (I
n+δ(1)Mq−1 :In−δ(1)Mq x)
InMq−1
→ x(I
n+δ(1)Mq−1 :In−δ(1)Mq x)
xInMq−1
.
In this case φ is an isomorphism. To see this, it is sufficient to prove that ker(φ) = 0. But
ker(φ) = (I
n+δ(1)Mq−1 :In−δ(1)Mq x) ∩ (xInMq−1 :In−δ(1)Mq x)
InMq−1
= (xI
nMq−1 :M|n|+q−1 x) ∩ In−δ(1)Mq
InMq−1
⊆ (I
n+δ(1)Mq−1 :M|n|+q−1 x) ∩ In−δ(1)Mq
InMq−1
= 0.
The last equality follows by Lemma 3.6 and the assumption that x ∈ I is a superficial element. Similarly one can prove that
In−δ(1)Mq
InMq−1
∼= xIn−δ(1)MqxInMq−1 . Then we have
0→ I
n−δ(1)Mq
InMq−1
→ I
nMq
xInMq−1
→ I
nMq
xIn−δ(1)Mq
→ 0. (5.3)
Therefore from the exact sequences (5.1)–(5.3) we have that
`
(
InMq
xIn−δ(1)Mq + In+δ(1)Mq−1
)
= `
(
InMq
In+δ(1)Mq−1
)
− `
(
In−δ(1)Mq
InMq−1
)
.
Hence the result follows. 
Corollary 5.3. Suppose that dim(Supp(M)) = dim(Proj(G)) = r, and I1, . . . , Ik submodules of G1 of finite colength. Let
j, d1, . . . , dk ∈ N with j + |d| = r. Let x1, . . . , xr be any superficial sequence for G1, . . . ,G1, I1, . . . , I1, . . . , Ik, . . . , Ik with
respect to M,with each Ii listed di times, G1 listed j times, and each xi not in any minimal prime ideal over x1, . . . , xi−1. Then, for
large n,
ej(I [d1]1 , . . . , I
[dk]
k ;M) = `
(
Mn
(x1, . . . , xr)Mn−1
)
− `((x1, . . . , xr−1)Mn :Mn xr),
which equal eBR(x1, . . . , xr;M).
Proof. By Lemma 5.1 we have that
ej(I [d1]1 , . . . , I
[dk]
k ;M) = eBR(Gj1, I [d1]1 , . . . , I [dk]k ;M).
Hence the result follows by successive application of Theorem 4.1. 
The next proposition have been also proved in [8, Theorem 6.3(iii)] by different methods.
Proposition 5.4 (Associativity). Let I1, . . . , Ik submodules of G1 of finite colength and suppose that dim(Supp(M)) =
dim(Proj(G)) = r. Then for any integers j, d1, . . . , dk with j+ |d| = r,
ej(I [d1]1 , . . . , I
[dk]
k ;M) =
∑
p
ej(I [d1]1 G/p, . . . , I
[dk]
k G/p;G/p) `(Mp),
where the sum is taken over all prime ideals p of G such that
dim(Proj(G/p)) = r.
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Proof. By passing to R[X]mR[X], where X is a variable over R, neither the hypotheses nor the conclusion change, so we
may assume that R/m is infinite. By Lemma 5.1 it is enough to prove the result when j = 0. By Proposition 3.3, there is
a superficial sequence x1, . . . , xr for I1, . . . , I1, . . . , Ik, . . . , Ik with respect toM andwith respect to each of the finitely many
G/p, with each Ii listed di times, and each xi not in any minimal prime ideal over x1, . . . , xi−1. Then if J = (x1, . . . , xr),
by Corollary 5.3, eBR(I
[d1]
1 , . . . , I
[dk]
k ;M) = eBR(J;M), and for each p, eBR(I [d1]1 G/p, . . . , I [dk]G/pk ;G/p) = eBR(J;G/p). Now the
proposition follows from the Associativity Formula for Buchsbaum–Rim multiplicities, Proposition 2.8. 
The following result has been also proved by Kirby and Rees in [8] using the Koszul complexes associated to suitable joint
reductions. Our proof relies in the Risler–Teissier mixed multiplicity theorem.
Theorem 5.5 (Rees’ Mixed Multiplicity Theorem). Suppose that dim(Supp(M)) = dim(Proj(G)) = r, and I1, . . . , Ik sub-
modules of G1 of finite colength. Let j, d1, . . . , dk ∈ N with j + |d| = r. Let x1, . . . , xr be a joint reduction for G1, . . . ,G1,
I1, . . . , I1, . . . , Ik, . . . , Ik with respect to M, with each Ii listed di times and G1 listed j times. Then,
ej(I [d1]1 , . . . , I
[dk]
k ;M) = eBR(x1, . . . , xr;M).
Proof. By Lemma 5.1 it is enough to prove the result when j = 0. Let J be the R-submodule of G1 generated by x1, . . . , xr .
Because x1, . . . , xr is a joint reduction for I1, . . . , I1, . . . , Ik, . . . , Ikwith respect toM, J has finite colength inG1, and therefore
eBR(J;M) makes sense. As (mixed) multiplicities and joint reductions are preserved under passage to the faithfully flat
extension R[X]mR[X],where X is a variable over R,without lost of generality wemay assume that the residue field is infinite.
Since eBR(I
[d1]
1 , . . . , I
[dk]
k ;M) = eBR(I1, . . . , I1, . . . , Ik, . . . , Ik;M),we may simplify notation and set k = r and all di = 1.
If r = 0, then e(I1, . . . , Ir;M) = `(Mn) = eBR(0;M) for large n, so the theorem holds.
Let r = 1. Then x1 being a joint reduction of I1 with respect to M says that there exists an integer l such that
x1I l1Mq = I l+11 Mq. Thus for all n > l, xn1Mq ⊆ xn−l1 I l1Mq = In1Mq and `(Mn+q/xn1Mq) ≥ `(Mn+q/In1Mq) ≥ `(Mn+q/xn−l1 Ml+q).
Thus the Hilbert polynomial of I and x1 with respect toM must have the same leading coefficients, hence
eBR((x1);M) = eBR(I1;M).
Now let r > 1. If x1, . . . , xr is a joint reduction of I1, . . . , Ir with respect to M, then it is so with respect to each G/p, as p
varies over the minimal prime ideals in G that contain AnnM. Then by the Associativity Formulas for (mixed) multiplicities
(Propositions 2.8 and 5.4), it suffices to prove the theorem in caseM = G = G/p is an integral domain.
Set l = ∑i µ(Ii).With notation as in Proposition 3.9, let U ⊆ (R/m)l be a Zariski-open subset that determines all the
joint reductions of the I1, . . . , Ir; by assumption, U is non-empty. Let U ′ be a non-empty Zariski-open subset of I1/mI1 such
that any preimage in I1 of any element of U ′ is a non-zero superficial element for I1, . . . , Ir . Such U ′ exists and is non-empty
by Proposition 3.3. By [6, Lemma 8.5.12], there exists y ∈ U ′ such that y, x2, . . . , xr ∈ U . Set G˜ = G/yG. By Theorem 5.2,
eBR(I1, . . . , Ir;G) = eBR(I2G˜, . . . , Ir G˜; G˜), and by Proposition 2.6,
eBR(y, x2, . . . , xr;G) = eBR((x2, . . . , xr)G˜; G˜).
Set Nl =⊕n≥0 I l1Gn+yGn+l−1yGn+l−1 . Since y, x2, . . . , xr is a joint reduction of I1, . . . , Ir , for all large l, x2, . . . , xr is a joint reduction
of I2, . . . , Ir ,with respect to Nl. By induction on r then
eBR(I2G˜, . . . , Ir G˜;Nl) = eBR((x2, . . . , xr)G˜;Nl).
By Lemma 4.3,
eBR(I1, . . . , Ir;G) = eBR(I2G˜, . . . , Ir G˜; G˜)
= eBR(I2G˜, . . . , Ir G˜;Nl)
= eBR((x2, . . . , xr)G˜;Nl)
= eBR((x2, . . . , xr)G˜; G˜)
= eBR((y, x2, . . . , xr);G).
It remains to prove that eBR((y, x2, . . . , xr);G) = eBR((x1, . . . , xr);G). Set G′′ = G/xrG,N ′′l =
⊕
n≥0
I l1Gn+xrGn+l−1
xrGn+l−1 . By
Proposition 2.6 and by Lemma 4.3,
eBR((y, x2, . . . , xr);G) = eBR((y, x2, . . . , xr)G′′;G′′)
= eBR((y, x2, . . . , xr)G′′;N ′′l ).
Similarly,
eBR((x1, . . . , xr);G) = eBR((x1, . . . , xr)G′′;G′′)
= eBR((x1, . . . , xr)G′′;N ′′l ).
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By the same argument as before x1, . . . , xr is a joint reduction of I1, . . . , Ir with respect to N ′′l . Thus by induction on r, using
G′′ and N ′′l , y can in addition be chosen sufficiently general in I1 such that
eBR((y, x2, . . . , xr)G′′;G′′) = eBR((x1, . . . , xr)G′′;N ′′l ).
This proves the theorem. 
Corollary 5.6. Suppose that dim(Supp(M)) = dim(Proj(G)) = r. Let I1, . . . , Ik be submodules of G1 of finite colength. Then, for
each 1 ≤ l ≤ k,
e0(I [0]1 , . . . , I
[0]
l−1, I
[r]
l , I
[0]
l+1, . . . , I
[0]
k ) = eBR(Il;M).
Corollary 5.7. Suppose that dim(Supp(M)) = dim(Proj(G)) = r. Let I1, . . . , Ik and J1, . . . , Jk be submodules of G1 of finite
colength such that Ji ⊆ Ii for all i. Let j, d1, . . . , dk ∈ N with j+ |d| = r. Then, for every graded G-module M
ej(J [d1]1 , . . . , J
[dk]
k ;M) ≥ ej(I [d1]1 , . . . , I [dk]k ;M),
with equality if Ji is a reduction of Ii for all i.
Proof. By Lemma 5.1 it is enough to prove the result for j = 0. Notice that if x1, . . . , xr is a joint reduction for , J1,
. . . , J1, . . . , Jk, . . . , Jk with respect to M, with each Ji listed di times, then it is a joint reduction for I1, . . . , I1, . . . , Ik, . . . , Ik
with respect toM,with each Ii listed di times. The result follows now from Theorem 5.5. 
6. Mixed multiplicities for modules
We begin by recalling the notion of the Buchsbaum–Rimmultiplicity for submodules of finite colength in a free module,
which were introduced and developed in [3].
Let (R,m) be a Noetherian local ring and E a submodule of the free R-module Rp. The symmetric algebra G :=
Sym(Rp) = ⊕Sn(Rp) of Rp is a polynomial ring R[T1, . . . , Tp]. If h = (h1, . . . , hp) ∈ Rp, then we define the element
w(h) = h1T1 + · · · + hpTp ∈ S1(Rp) =: G1.We denote by R(E) := ⊕Rn(E) the subalgebra of G generated in degree one
by {w(h) : h ∈ E} and call it the Rees algebra of E. ThenR(E) has dimension d + p. Given any finitely generated R-module
N of dimension d, consider the graded G-module M := G ⊗R N. Notice that M is a finitely generated graded G-module of
dimension d+ p.
If the R-submodule E of Rp has finite colength, the Buchsbaum–Rim multiplicity, eBR(E;N), of E with respect to N could
be defined as eBR(E;N) := e(G′,G;M),where G′ = R(E).
We are now ready to introduce the main object of this paper, the mixed multiplicities for finitely many submodules of
finite colength in Rp.Here the linear submodules of G1 of the previous sections will be replaced by amodule E. Let E1, . . . , Ek
be R-submodules of Rp and denote by Ii the R-submodule of G1 generated byR1(Ei).We translate into this context the basic
definitions of the previous sections.
A sequence of elements h1, . . . , hk, with hi ∈ Ei, is a superficial sequence for E1, . . . , Ek with respect to N if for all
i = 1, . . . , k, hi ∈ Ei are such that the sequencew(h1), . . . , w(hk) is a superficial sequence for I1, . . . , Ik with respect toM.
A sequence of elements h1, . . . , hk, with hi ∈ Ei, is a joint reduction for E1, . . . , Ek with respect to N if for all
i = 1, . . . , k, hi ∈ Ei are such that the sequencew(h1), . . . , w(hk) is a joint reduction for I1, . . . , Ik with respect toM.
The associated mixed Buchsbaum–Rim multiplicities, ej(E[d1]1 , . . . , E
[dk]
k ;N), for the modules E1, . . . , Ek with respect
to N , are defined as
ej(E[d1]1 , . . . , E
[dk]
k ;N) := ej(I [d1]1 , . . . , I [dk]k ;M)
for all j, d1, . . . , dk ∈ Nwith j+ |d| = d+ p− 1.
The main results of the previous section are now described in this new setting.
Corollary 5.3 immediately gives the following result which says that themixed Buchsbaum–Rimmultiplicities associated
to a family of modules E1, . . . , Ek of finite colength in Rp with respect to N could be described as the Buchsbaum–Rim
multiplicity of a R-module generated by a superficial sequence.
Theorem 6.1 (The Risler–Teissier Theorem for Modules). Suppose that dimN = dim R = d, and E1, . . . , Ek submodules of
Rp of finite colength. Let j, d1, . . . , dk ∈ N with j + |d| = d + p − 1. Let h1, . . . , hd+p−1 be any superficial sequence for
Rp, . . . , Rp, E1, . . . , E1, . . . , Ek, . . . , Ek with respect to N,with each Ei listed di times and Rp listed j times, and eachw(hi) not in
any minimal prime ideal overw(h1), . . . , w(hi−1). Then,
ej(E[d1]1 , . . . , E
[dk]
k ;N) = eBR(h1, . . . , hd+p−1;N).
Theorem 5.5 and Corollary 6.3 immediately gives the following result which says that the mixed Buchsbaum–Rim
multiplicities associated to a family of modules E1, . . . , Ek of finite colength in Rp with respect to N could be described
as the Buchsbaum–Rim multiplicity of a R-module generated by a joint reduction.
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Theorem 6.2 (Rees’ Mixed Multiplicity Theorem for Modules). Suppose that dimN = dim R = d, and E1, . . . , Ek submodules
of Rp of finite colength. Let j, d1, . . . , dk ∈ N with j + |d| = d + p − 1. Let h1, . . . , hd+p−1 be any joint reduction for
Rp, . . . , Rp, E1, . . . , E1, . . . , Ek, . . . , Ek with respect to N, with each Ei listed di times and Rp listed j times. Then,
ej(E[d1]1 , . . . , E
[dk]
k ;N) = eBR(h1, . . . , hd+p−1;N).
In particular,
e0(E[0]1 , . . . , E
[0]
l−1, E
[d+p−1]
l , E
[0]
l+1, . . . , E
[0]
k ) = eBR(El;M).
Corollary 6.3. Suppose that dimN = dim R = d, and E1, . . . , Ek submodules of Rp of finite colength. Then, for each 1 ≤ l ≤ k,
e0(E[0]1 , . . . , E
[0]
l−1, E
[d+p−1]
l , E
[0]
l+1, . . . , E
[0]
k ) = eBR(El;M).
Corollary 6.4. Suppose that dimN = dim R = d, and M1, . . . ,Mk and N1, . . . ,Nk submodules of Rp of finite colength such that
Mi ⊆ Ni for all i. Let j, d1, . . . , dk ∈ N with j+ |d| = d+ p− 1. Then, for every graded R-module M
ej(M [d1]1 , . . . ,M
[dk]
k ;M) ≥ ej(N [d1]1 , . . . ,N [dk]k ;M),
with equality if Mi is a reduction of Ni for all i.
7. On the number of generators of a module
In this section, as an important application of Rees’ mixed multiplicity theorem for modules, Theorem 6.2, we give an
upper bound for the minimal number of generator of a finite colength R-submodule of Rp in terms of mixed multiplicities
of modules, which generalize a similar and important result obtained for m-primary ideals by C. Cruz and J. K. Verma in
[5]. To state the result we need some notations. If E, F are two R-submodules of finite colength of Rp then the associated
mixed multiplicity, e0(E[q], F [r−q]; R), of E, F with respect to R will be denoted by er−q(E, F). Also, if I is an ideal of R, the
R-submodule I ⊕ · · · ⊕ I of Rp will be denoted by⊕pI.
Theorem 7.1. Let(R,m) be a Cohen–Macaulay local rings of dimension d. Let E be a R-submodule of Rp of finite colength. Then
for q = 0, . . . , r,
µ(E) ≤ r − q+ q`
(
R
E : Rp
)
− `
(
Rp
E
)
+ er−q(⊕pm, E). (7.1)
Proof. Wemay assume that R/m is infinite. Let (h1, . . . , hq, a1, . . . , ar−q) be a joint reduction of (⊕pm, . . . ,⊕pm, E, . . . E).
Where⊕pm is repeated q times and E is repeated r−q times. Leth and a denotes themodules (h1, . . . , hq) and (a1, . . . , ar−q)
respectively. Consider the R-module homomorphism
Φ : (R/m)r−q
⊕( R
(E : Rp)
)q
→ (h, a)
h(E : Rp)+ am .
Given by
Φ(y′1, . . . , y
′
r−q, b
′
1, . . . , b
′
q) = (y1a1 + · · · + yr−qar−q + b1h1 + · · · + bqhq)′
where primes denote the residue classes. SinceΦ is clearly surjective,
`
(
(h, a)
(h(E : Rp)+ am)
)
≤ (r − q)+ q`
(
R
(E : Rp)
)
.
But
`
(
(h, a)
(h(E : Rp)+ am)
)
= `
(
Rp
(h(E : Rp)+ am)
)
− `
(
Rp
(h, a)
)
= `
(
Rp
E
)
+ `
(
E
(mE)
)
+ `
(
mE
(h(E : Rp)+ am)
)
− `
(
Rp
(h, a)
)
.
Now, since R is Cohen–Macaulay we have by [3, Corollary 4.5] that `
(
Rp
(h,a)
)
= eBR(h, a). On the other hand, by
Theorem 6.2 we have that eBR(h, a) = e0(⊕pm[q], E[r−q]) = er−q(⊕pm, E).
Therefore µ(E) ≤ r − q+ q`
(
R
(E:Rp)
)
− `
(
Rp
E
)
+ er−q(⊕pm, E). 
As a consequence of this theorem we obtain the following result due to Cruz and Verma (see [5]).
Corollary 7.2. Let (R,m) be a Cohen–Macaulay local rings of dimension d and I be anm-primary ideal of R. Then for q = 0, . . . , d,
µ(I) ≤ d− q+ (q− 1)`(R/I)+ ed−q(m, I).
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Remark 7.3. Let (R,m) be a local rings of dimension d. Let E be a R-submodule of Rp of finite colength. It is easy to prove by
the very definition of length that
p `
(
R
(E :R Rp)
)
= `
(
Rp
E
)
+ `
(
E
⊕p(E :R Rp)
)
.
As a consequence of Theorem7.1we obtain the following generalizations formodules of some results obtained byAkizuki
in [2], Cohen in [4] and Abhyankar in [1] for m-primary ideals.
Corollary 7.4. Let (R,m) be a Cohen–Macaulay local rings of dimension 1. Let E be a R-submodule of Rp of finite colength. Then
µ(E) ≤ p e(m)+ `
(
E
⊕p(E :R Rp)
)
.
Proof. Put r = p = q in equality (7.1) to get
µ(E) ≤ p`
(
R
(E : Rp)
)
− `
(
Rp
E
)
+ e0(⊕pm, E).
By Remark 7.3 we have that p`
(
R
(E:Rp)
)
= `
(
Rp
E
)
+ `
(
E
⊕p(E:RRp)
)
. By Theorem 6.2 we have that e0(⊕pm, E) = eBR(⊕pm).
Hence
µ(E) ≤ eBR(⊕pm)+ `
(
E
⊕p(E :R Rp)
)
.
Now, by [9, Proposition 4.1], we have also that eBR(⊕pm) = p e(m). Hence the result follows. 
Corollary 7.5. Let (R,m) be a Cohen–Macaulay local rings of dimension d. Let E be a R-submodule of Rp of finite colength. Then
µ(E) ≤ r − `
(
Rp
E
)
+ eBR(E).
Proof. Put q = 0 in equality (7.1) to get
µ(E) ≤ r − `
(
Rp
E
)
+ e0,r(⊕pm, E).
By Theorem 6.2 er(⊕pm, E) = eBR(E). Hence the result follows. 
Corollary 7.6. Let (R,m) be a Cohen–Macaulay local rings of dimension d. Let E be a R-submodule of Rp of finite colength. Then
µ(E) ≤ d− 1+ ed−1(⊕pm, E)+ `
(
E
⊕p(E :R Rp)
)
.
Proof. By Remark 7.3 and equality (7.1) we have that
µ(E) ≤ r − q+ (q− p)`
(
R
(E : Rp)
)
+ eq,r−q(⊕pm, E)+ `
(
E
⊕p(E :R Rp)
)
.
Now, put q = p in the above equality to get the result. 
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